Rules for integrands of the form u (a + bArcCosh[c x])"

1. j(d+ex)'“ (a+bArcCosh[cx])"dx

1. J(d+ex)'" (a+bArcCosh[cx])"dx when nez*

a+bArcCosh[cx])"
1: J‘( + [cx]) dx
d+ex

Derivation: Integration by substitution

Basis: X -- Subst[ —1MXL—  x, ArcCosh[c x]] d,ArcCosh[c x]
d+ex cd+e Cosh[x]

Note: {2:bx)2Sinh(X] s hot integrable unless nez-.
cd+e Cosh[x]

Rule: If n € z*, then

(a +bArcCosh[cx])" (a+bx)"Sinh[x]
j dx — Subst[J. dx, X, ArcCosh|[c x]]
d+ex cd+eCosh[x]

Program code:

Int[ (a_.+b_.*ArcCosh[c_.*x_])"n_./(d_.+e_.*x_),x_Symbol] :=
Subst [Int[ (a+bx)~nxSinh [x]/(cxd+exCosh[x]) »sX] ;X,ArcCosh[cxx]] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[n,0]



Rules for integrands of the form u (a+b arccosh(c x))~n

2: J-(d+ex)m (a+bArcCosh[cx])"dx whennez* A m#-1

Reference: G&R 2.832, CRC 454, A&S 4.4.67

Derivation: Integration by parts

. m__ d+e x m+1
Basis: (d + e x)™ = Oy 4—>—e D)

. -1
Basis: Ox (a + b ArcCosh[c x])" == ben(asbArcCoshicx])
\/—1+CX \/1+CX

Rule:lf nez* A m+# -1, then

(d + ex)™* (a+bArcCosh[cx])" bcn (d + ex)™?* (a+bArcCosh[cx])"?
J-(d+ex)'“ (a+bArcCosh[cx])"dx — - J dx

e (m+1) e (m+1) V-1+cx Vi+cx

Program code:

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcCosh[c_.*x_])”n_.,x_Symbol] :=

(d+exx) ~ (m+1) » (a+bxArcCosh[c*x])"n/ (e*x (m+1)) -

bxcxn/ (ex (m+1) ) *Int[ (d+exx)~ (m+1) x (a+bxArcCosh[cxx] )~ (n-1) / (Sqrt[-1+c*x]*Sqrt[1+c*x]),x] /;
FreeQ[ {a,b,c,d,e,m},x] && IGtQ[n,0] && NeQ[m,-1]



Rules for integrands of the form u (a+b arccosh(c x))~n

2. J(d+ex)'" (a+bArcCosh[cx])"dx when me z*

1: J(d+ex)"‘ (a+bArcCosh[cx])"dx whenmez* A n<-1

Derivation: Algebraic expansion

Rule:lf me z* A n < -1, then

J.(d +ex)™ (a+bArcCosh[cx])"dx — J‘ExpandIntegr‘and [ (d+ex)™ (a+bArcCosh[cx])", x] dx

Program code:

Int[(d_+e_.*x_)"m_.*(a_.+b_.*ArcCosh[c_.*x_])”~n_,x_Symbol] :=
Int [ExpandIntegrand[ (d+e*x) “m* (a+bxArcCosh[c*x])”n,x],x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[m,0] && LtQ[n,-1]



Rules for integrands of the form u (a+b arccosh(c x))~n

2: J(d +ex)™ (a+bArcCosh[cx])"dx whenme z*

Derivation: Integration by substitution

Basis: F[x] == %Subst[sinh[x] F[%m], X, ArcCosh[c x]] dcArcCosh[c x]

Basis: If m € z, then (d+ex)" == -1~ subst[Sinh[x] (cd+eCosh[x])", x, ArcCosh[cx]] xArcCosh[c x]

cm+l

Note: If mez*, then (a+bx)"sinh[x] (cd+ecoshix])™is integrable in closed-form.

Rule: If m e z*, then

1
J(d +ex)" (a+bArcCosh[cx])"dx — —— Subst U(a +bx)"Sinh[x] (cd+eCosh[x])"dx, x, ArcCosh[c x]]
c +

Program code:

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcCosh[c_.*x_])”n_.,x_Symbol] :=
1/c” (m+1) xSubst [Int[ (a+bxx) “nxSinh[x] » (cxd+exCosh[x])~m,x],x,ArcCosh[cxx]] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[m,0]



Rules for integrands of the form u (a+b arccosh(c x))~n

2. IPX (a+bArcCosh[cx])"dx

1: JPX (a+bArcCosh[cx]) dx

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox (a + b ArcCosh[c x]) == = bc\/l
-1+CX +C X

Basis: 9, ——1-c2x® -0

V-licx J1scx

Rule: Let u- fp, ax, then
J-Px (a+bArcCosh[cx]) dx — u (a+bArcCosh[cx]) —bcj 4 dx
‘\/—1+cx ’\/1+cx

bcV1-c?x? J- u

Vi-c2x?

— u (a+bArcCosh[cx]) - dx

‘\/—1+cx V1+cx

Program code:

Int[Px_x(a_.+b_.*ArcCosh[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ExpandExpression[Px,x],x]},

Dist[a+bxArcCosh[cxXx],u,x] -

bxc*Sqrt[1-c 2xx2]/ (Sqrt[-1+c»x] *Sqrt[1+cxx]) «Int [SimplifyIntegrand [u/Sqrt[1-c 2xx"2],x],x]] /3
FreeQ[{a,b,c},x] && PolyQ[Px,x]



Rules for integrands of the form u (a+b arccosh(c x))~n

X: JPX (a+bArcCosh[cx])"dx when nez*

Derivation: Integration by parts and piecewise constant extraction

. -1
Basis: Ox (a + b ArcCosh[c x])" == ben(asbArcCoshicx])?
\/—1+cx \/1+cx

. 2 2
Basis: 0y ——{1=¢"X =

\/—1+CX \/1+CX o

Rule:If n € z*, let u fp,ax, then

u (a+bArcCosh[cx])"?
JPX (a+bArcCosh[cx])"dx — u (a+bAr‘cCosh[cx])”-ban dx

\/-1+cx \/1+cx

— u (a+bArcCosh[cx])" -

benVi-cx Ju<a+bArccoshtcx1>"“dl
X

V-1+ex V1iscex 1-c2x?

Program code:

(» Int[Px_=*(a_.+b_.*ArcCosh[c_.*x_]1)”"n_.,x_Symbol] :=

With[{u=IntHide[Px,x]},

Dist[ (a+bxArcCosh[c*x])*n,u,x] -

bxcxnxSqrt[1-c*2xx"2] / (Sqrt[-1+cxx]*Sqrt[1l+cxx]) *Int [Simpli-FyIntegr'and [ux (a+bxArcCosh[cxx])” (n-1) /Sqrt[1-c*2xx"2],X] ,x] ] /3
FreeQ[{a,b,c},x] && PolyQ[Px,x] &% IGtQ[n,0] =*)



Rules for integrands of the form u (a+b arccosh(c x))~n

2: JPX (a+bArcCosh[cx])"dx whenn#1

Derivation: Algebraic expansion

Rule: If n # 1, then

JPX (a+bArcCosh[cx])"dx — JExpandIntegr‘and [PX (a+bArcCosh[cx])", x] dx

Program code:

Int[Px_=(a_.+b_.*ArcCosh[c_.*x_])”~n_,x_Symbol] :=
Int [ExpandIntegrand [Pxx (a+bxArcCosh[c*x])*n,x],x] /;
FreeQ[{a,b,c,n},x] &% PolyQ[Px,Xx]

3. ij (d+ex)™ (a+bArcCosh[cx])"dx when nez*

1: jPX (d+ex)" (a+bArcCosh[cx]) dx

Derivation: Integration by parts and piecewise constant extraction

Basis: 9x (a + b ArcCosh[c x]) == o bcvl
-1+CX +C X

Basis: 9y ——1-¢2x® -9

\/—1+CX \/1+CX

Rule: Let u—>fo (d +ex)"dx, then

u
ij (d+ex)™ (a+bArcCosh[cx]) dx — u (a+bArcCosh[cx]) -bcf dx

\/-1+cx V1+cx




Rules for integrands of the form u (a+b arccosh(c x))~n

— u (a+bArcCosh[cx]) - dx

bcVi-c2x? J~ u

V-1+ex Yiecex Vi-c2x?

Program code:
Int[Px_=(d_.+e_.*x_)"m_.*(a_.+b_.*ArcCosh[c_.xx_]),x_Symbol] :=
With[{u=IntHide [Pxx (d+exx)"m,x]},
Dist[a+bxArcCosh[cxXx],u,x] -

bxc*Sqrt[1-c 2xx"2]/ (Sqrt[-1+cxx] *Sqrt[1+cxx]) +Int [SimplifyIntegrand [u/Sqrt[1-c 2xx2],x],x]] /;
FreeQ[{a,b,c,d,e,m},x] &% PolyQ[Px,Xx]

2: J\(-F+gx)p (d+ex)™ (a+bArcCosh[cx])"dx when (n|p) €eZ*AmMeZ Am+p+1<0

Derivation: Integration by parts

n-1

Basis: Ox (a + b ArcCosh[c x])" == ben(a+bArcCoshlcx])
-1+cx V/1+cx

Note:lf pe Z* AmeZ A m+p+1<0,then [(f+gx)® (d+ex"axis arational function.

Rule: If (n |p) €eZ"AmeZ Am+p+1<80, let u—>J‘(f+gx)p(d+ex)'“d1x,then

u (a+bArcCosh[cx])"?

f(f+gx)p (d+ex)™ (a+bArcCosh[cx])"dx — u (a+bAr‘cCosh[cx])“—bcnj
\/—1+cx ‘\/1+cx

Program code:

Int[(f_.+g_.#X_)"p_.*(d_+e_.#x_) m_x(a_.+b_.*ArcCosh[c_.*x_])"n_,x_Symbol] :=
With[{u=IntHide[ (f+g*x)"px (d+exx) m,x]},
Dist[ (a+bxArcCosh[c*x])*n,u,x] -
bxcxn+Int [SimplifyIntegrand [ux (a+b*ArcCosh[cxx])"(n-1) / (Sqrt[-1+cxx]*Sqrt[l+cxx]),x],x]] /3
FreeQ[{a,b,c,d,e,f,g},x] & IGtQ[n,0] & IGtQ[p,0] & ILtQ[m,0] && LtQ[m+p+1,0]



Rules for integrands of the form u (a+b arccosh(c x))~n

(F+gx+hx?)? (a+bArcCosh[cx])"
3:J‘ dx when (n|p) €eZ*Aeg-2dh=-0

(d+ex)?

Derivation: Integration by parts

. -1
Basis: Oy (a + b ArcCosh[c x] )N == ben(atbArcCoshlcx])7
-1+cx V/1+cx

Note:If pez* A eg-2dh = 0,then Ji%)— ax is a rational function.

Rule:If (n|p) €ez"Aeg-2dh=0,let uaf%tdx,then

u (a+bArcCosh[cx])"?

(F+gx+hx?)? (a+bArcCosh[cx])"
j dlx—>u(a+bArcCosh[cx])"—ban

(d+ex)? V-1+ex Vi+cx

Program code:

Int[(f_.+g_.#X_+h_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.*x_])"n_/ (d_+e_.*x_)"~2,x_Symbol] :=
With[{u=IntHide[ (f+g*x+hxx"2)p/(d+exx)*2,x]},
Dist[ (a+bxArcCosh[c*x])*n,u,x] -
bxcxn+Int [SimplifyIntegrand [ux (a+bxArcCosh[cxx])"(n-1)/ (Sqrt[-1+cxx]+Sqrt[l+c+x]),x1,x]] /;
FreeQ[{a,b,c,d,e,f,g,h},x] & IGtQ[n,0] & IGtQ[p,0] && EqQ[exg-2xdxh,0]



Rules for integrands of the form u (a+b arccosh(c x))~n

4: JPX (d+ex)" (a+bArcCosh[cx])"dx whennezZ* A meZz

Derivation: Algebraic expansion

Rule:1f ne zZ* A me z,then

JPX (d+ex)™ (a+bArcCosh[cx])"dx — JExpandIntegr‘and [Px (d+ex)™ (a+bArcCosh[cx])", x| dx

Program code:

Int[Px_=(d_+e_.*x_)"m_.*(a_.+b_.xArcCosh[c_.*x_])”"n_.,x_Symbol] :=
Int [ExpandIntegrand [Pxx (d+e*x) “mx (a+bxArcCosh[c*x])*n,x],x] /;
FreeQ[{a,b,c,d,e},x] && PolyQ[Px,x] && IGtQ[n,0] && IntegerQ[m]
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Rules for integrands of the form u (a+b arccosh(c x))~n 11

4. fF[-F+gx] (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 A p- %ez

1: J(-F+gx)'" (d+ex?)? (a+bArcCosh[cx])"dx when c>d+e=0 A p- %ez AmezZ

Derivation: Piecewise constant extraction

(drex?)P
-1+c x)P (1+cx)P

::@

Basis: If c?d + e == 0, then 64 (

Rule:If c>d+e =0 Ap-3eZ AmeZ,then

j(f»,gx)'" (d+ex*)? (a+bArcCosh[cx])"dx —

(-d) IntPart[p] (d re XZ) FracPart[p]

E—— E—— (Frgx)" (-1+cx)P (1+cx)P (a+bArcCosh[cx])"dx
(-1 +cXx) (1+cx)

Program code:

Int[(f_+g_.*Xx_)™m_.x(d_+e_.*Xx_"2)"p_x(a_.+b_.*ArcCosh[c_.*x_]) n_.,x_Symbol] :=
(-d) ~IntPart[p] * (d+exx”~2) ~FracPart[p]/ ( (-1+c*Xx) *FracPart[p]* (1+c*x) *FracPart[p]) =
Int [ (f+gxx) mx (-1+CxX) “p* (1+CxX) “p* (a+bxArcCosh[cxx]) *n,x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] & EqQ[c*2xd+e,0] && IntegerQ[p-1/2] & IntegerQ[m]

2: JLog[h (F+gx)"] (d+ex?)? (a+bArcCosh[cx])"dx when c2d+e==0 A p-%ez

Derivation: Piecewise constant extraction

+ 2)P
Basis: If c?d + e == @, then oy ( (dre ) =

-1+c x)P (1+cx)P

Rule:If c>d+e =@ A p- 7 ez,then

J.Log[h (F+gx)"] (d+ex?)? (a+bArcCosh[cx])"dx —



Rules for integrands of the form u (a+b arccosh(c x))~n

(—d) IntPart[p] (d re XZ) FracPart[p]

Log[h (f+gx)"] (-1+cx)P (1+cx)P (a+bArcCosh[cx])"dx
(-1+cx) FracPart[p] (1+cx) FracPart[p]

Program code:

Int[Log[h_.# (f_.+g_.*x_)"m_.]*(d_+e_.*x_"2)"p_x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
(-d)~IntPart[p]* (d+exx”2) ~"FracPart[p]/ ( (-1+cxXx) FracPart[p]* (1+cxx) FracPart[p])
Int[Log[hx (f+gxX) m] (-1+c*X)~p* (1+CX) “p* (a+bxArcCosh[c*x])n,x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n},x] && EqQ[c"2xd+e,0] & IntegerQ[p-1/2]
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Rules for integrands of the form u (a+b arccosh(c x))~n

5. jF[-F+gx] (d1 +e1x)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 A p- iez
1. J(-F+gx)'" (d1+elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AmeZ A p—%ez

1. j(f+gx)m (d1+elx)P (d2 + e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AmeZ A p- %ez Adl>0 A d2<0

1:

j(f+gx)m (d1 +e1lx)P (d2 +e2x)P (a+bArcCosh[cx]) dx whenel==cdl A €2==-cd2 AmeZ*A p+§ez-/\ d1>0 A d2<@0 A (Mm>3 Vm<-2p-1)

Derivation: Integration by parts

Basis: Ox (a + b ArcCosh[c x]) == = bcm
-1+CX +C X

Note:lf mez A p+ % €Z NO<m< —2p—1,thenj(f+gx)m (d1 +elx)P (d2 + e2 x)P dxisan algebraic
function.

Rule:lf el ==cdl AN e2=-cd2 AmeZ'A p+%eZ’/\ dl1>0 Ad2<@ A (ImMm>3Vm<-2p-1),let

u+j<f+gx>m (d1 + el x)P (d2 + e2 x)P dx,then

u
j(f+gx)"‘ (d1+el1x)P (d2+e2x)P (a+bArcCosh[cx]) dx — u (a+bArcCosh[cx]) —bcf dx

’V—li-cx W/1+-Cx

Program code:

Int[(f_+g_.*x_)"m_.*(d1_+el_.#x_)"p_x(d2_+e2_.xXx_)"p_x(a_.+b_.»ArcCosh[c_.*x_]),x_Symbol] :=
With [{u:IntHide[ ('F+g*x) Amx (d1+elxx) *p* (d2+e2xx) "p,x] },
Dist[a+bsArcCosh[c#x],u,x] - bxcxInt[Dist[1/(Sqrt[-1l+cxx]*Sqrt[l+cxx]),u,x],x]] /;

FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && IGtQ[m,0] && ILtQ[p+1/2,0] & GtQ[d1,0] && LtQ[d2,0] &&
(GtQ[m,3] || LtQ[m,-2xp-1])
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Rules for integrands of the form u (a+b arccosh(c x))~n 14

2: j(f+gx)m (d1+elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AmezZ*A p+%ez Adl>0 A d2<0O A nez*

Derivation: Algebraic expansion

Rule:If el ==cdl A e2==-cd2 AmeZ'A p+%eZ Adl>0 Ad2<@ A nez,then

J.(-F+gx)"' (d1 +elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx — J(d1+e1 x)P (d2 +e2x)P (a+bArcCosh[cx])" ExpandIntegrand| (f+gx)", x| dx

Program code:

Int[(F_+g_.*Xx_)™M_.%(d1_+el_.»x_)"p_x(d2_+e2_.xXx_)"p_#(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
Int [ExpandIntegrand[ (d1+elxx)~px (d2+e2xx) “p* (a+bxArcCosh[cxx])"n, (f+g+x) m,x],x] /;

FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && IGtQ[m,0] 8&& IntegerQ[p+1/2] && GtQ[d1,0] && LtQ[d2,0] && IGtQ[n,0]
(EqQ[n,1] && GtQ[p,-1] || GtQ[p,0] || EqQ[m,1] || EqQ[m,2] && LtQ[p,-2])



Rules for integrands of the form u (a+b arccosh(c x))~n 15

3. J-(f+gx)m (d1+elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AMeZ A p+ %ez"/\ di>0 A d2<0

1: J(-F+gx)m\/d1+e1x Vd2+e2x (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AmeZ A dl>0 A d2<@ A nez*

Derivation: Integration by parts

Basis:If el - cdl A €2 == ~cd2 A d1 >0 A d2 < 0, then (asbArcCoshlcx)" __ 5 (asbArcCoshlcx])™™
Vdlrelx ~/d2+e2x X bc+—dld2 (n+1)

Rule:lf el ==cdl AN e2=-cd2 AmeZ Adl>0 Ad2<0O A neZ" then

J(f+gx)"‘Vd1+e1x Vd2+e2x (a+bArcCosh[cx])"dx —

(f+gx)" (d1d2 +ele2x?) (a+bArcCosh[cx])™?
bcV-did2 (n+1)

j(dlegm+2e1e2fx+e1e2g (m+2) x?) (-F+gx)""1 (a + bArcCosh[cx]) ™! dx

1

bcV-did2 (n+1)

Program code:

Int[(f_+g_.»x_)" m_+Sqrt[dl_+el_.»x_]Sqrt[d2_+e2_.#Xx_](a_.+b_.*ArcCosh[c_.*x_])" n_.,x_Symbol] :=

(f+g*x) Am* (d1xd2+elxe2xx”2) x (a+bxArcCosh[c*x] )~ (n+1) / (bxc*Sqrt[-d1xd2]* (n+1)) -

1/ (bxcxSqrt[-d1xd2]* (n+1)) xInt [ (d1*d2*g*m+2*e1*e2*f*x+e1*e2*g* (m+2) *X"Z) * (‘F+g*x) A (m-1) » (a+bxArcCosh[c*x] )~ (n+1) ,x] /3
FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && ILtQ[m,0] && GtQ[d1,0] && LtQ[d2,0] && IGtQ[n,0]



Rules for integrands of the form u (a+b arccosh(c x))~n 16

2: J(-F+gx)"' (d1 +elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel=cdl A e2==-cd2 AmeZ A p+§eZ+A d1>0 A d2<@ A nez*

Derivation: Algebraic expansion

Rule:lf el ==cdl A e2==-cd2 AmeZ /\p+%eZ+/\ dl1>0 A d2<0 A nez,then

J(f+gx)m (d1+elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx — J\/d1+e1x Vd2+e2x (a+bArcCosh[c x])" ExpandIntegrand[ (f + g x)" (d+ex2)p'1/2, x] dx

Program code:

Int[(F_+g_.*Xx_)™M_.%(d1_+el_.»x_)"p_x(d2_+e2_.xXx_)"p_#(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
Int [ExpandIntegrand [Sqrt[dl+el«x]+Sqrt[d2+e2xx]x (a+bxArcCosh[cxx])"n, (f+g»x) m« (dl+elxx)” (p-1/2)« (d2+e2xx)"(p-1/2),x],x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && IntegerQ[m] && IGtQ[p+1/2,0] && GtQ[d1,0] && LtQ[d2,0] && IGtQ[n,0]



Rules for integrands of the form u (a+b arccosh(c x))~n

3: J(-F+gx)"' (d1 +elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AmezZ A p—iez"A d1>0 A d2<@ A nez*

Derivation: Integration by parts

. +1
Basis:If el ==cdl A e2 = -cd2 A d1 >0 A d2 < 0, then {2tRArcCoshlex)? __ 5 (arbArcCoshicx])’
dl+elx /d2+e2x bc+-d1d2 (n+1)

Rule:If el == cdl A e2=-cd2 Amez Ap-2€2Z°Adl>0Ad2<@ Anez,then

J(-F+gx)m (d1+elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx —

(Frgx)" (d1+el x)"*z‘ (d2 + e2 x)"*; (a + bArcCosh[cx])™?! 1
bcv-d1d2 (n+1) bc/-dld2 (n+1)

J(-F + gx)'"'1 (a +bArcCosh[cx])™?! ExpandIntegr‘and[ (d1d2gm+ele2f (2p+1) x+ele2g (m+2p+1) x*) (dl+el x)p'; (d2 + e2 x)p';, x] dx

Program code:

Int[(F_+g_-*X_) M_.%(d1_+el_.xx_)"p_x(d2_+e2_.xXx_)"p_*(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
(-F+g*x) Am* (d1+elxx)”~ (p+1/2)  (d2+e2xx) ~ (p+1/2) » (a+bxArcCosh[c*x] )~ (n+1) / (bxc*Sqrt[-d1xd2] % (n+1)) -
1/ (bxc*Sqrt[-d1xd2]* (n+1)) *
Int[ExpandIntegrand [ (f+g#x)~ (m-1) x (a+b*ArcCosh[cxx])~ (n+1),
(dl*dz*g*m+e1*e2*f* (2%xp+1) *X+elxe2xgx (M+2xp+1) *x"Z) * (d1l+elxx)~ (p-1/2) » (d2+e2xx) ~ (p-1/2) ,X] ,x] /3

FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cd2,0] && ILtQ[m,0] && IGtQ[p-1/2,0] & GtQ[d1,0] & LtQ[d2,0] && IGtQ[n,0]
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Rules for integrands of the form u (a+b arccosh(c x))~n 18

4, J-(f+gx)m (d1+elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 AmMeZ A p- %eZ‘/\ di>0 A d2<0

(F+gx)" (a+bArcCosh[cx])"
1.j dx when el==cdl A e2==-cd2 AmeZ A dl1>0 A d2<0

Vdl+el1x Vd2+e2x

(f+gx)" (a+bArcCosh[cx])"
1: J dx whenel==cdl A e2==-cd2 AmeZ* Adl>0 A d2<0 A n<-1

Vdl+elx Vd2+e2x

Derivation: Integration by parts

Basis: If el == cdl A e2 = -cd2 A d1 >0 A d2 < 0, then (2:bArcCosh[cx) __ 5 (asbArcCoshlcx])™
Vdlrelx ~/d2+e2x X bc+—dld2 (n+1)

Rule:lf el ==cdl A e2=-cd2 AmeZ* Adl>0 A d2<0 A n< -1,then

(F+gx)" (a+bArcCosh[cx])" (F+gx)" (a+bArcCosh[cx])"™? gm i
J dx — - J(f+gx) ~* (a+bArcCosh[cx])™'dx
Vdi+elx Vd2+e2x bcV-did2 (n+1) bcV-did2 (n+1)

Program code:

Int[(f_+g_.*x_)"m_.(a_.+b_.+ArcCosh[c_.+x_])"n_/ (Sqrt[dl_+el_.sx_]Sqrt[d2_+e2_.+x_]),x_Symbol] :=
(F+g*x) ~mx (a+bxArcCosh[c#x])~ (n+1) / (bxc*Sqrt[-d1lxd2] = (n+1)) -
g*m/ (b*c*Sqrt[-d1#d2] = (n+1)) +Int [ (f+g»x)" (m-1)  (a+bxArcCosh[c*x]) " (n+1),x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && IGtQ[m,0] && GtQ[d1,0] && LtQ[d2,0] && LtQ[n,-1]



Rules for integrands of the form u (a+b arccosh(c x))~n 19

dx whenel==cdl A e2==-cd2 AmeZ Ad1>0 Ad2<O A (M>0 V neZzZ")

) J‘(-F»,gx)'" (a+bArcCosh[cx])"

Vdi+elx Vd2+e2x
Derivation: Integration by substitution
Basis:If el ==cdl A e2==-cd2 A dl >0 A d2 < 0,then

F ] 1 Cosh[x]
N Subst [F | CshXL], x, ArcCosh[cx] ] dxArcCosh[c x]

Note: Mathematica 8 is unable to validate antiderivatives of ArcCosh rule when c is symbolic.

Rule:If el==cdl AN e2=-cd2 AmeZ ANdl>0 Ad2<O A (M>0 V nez"),then

(F+gx)" (a+bArcCosh[cx])" 1
j dx —» —8M8M— Subst[f(a +bx)" (c f+gCosh[x])"dx, x, ArcCosh|[c x]]

Vdl+elx Vd2+e2x c™l4/-d; d,

Program code:

Int[(f_+g_.*x_)™m_.(a_.+b_.+ArcCosh[c_.*x_])"n_./(Sqrt[dl_+el_.xx_]*Sqrt[d2_+e2_.xx_]),x_Symbol] :=
1/ (c” (m+1) »Sqrt[-d1xd2]) «Subst[Int [ (a+bxx) ~nx (cxf+gxCosh[x])~m,x],x,ArcCosh[c*x]] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g,n},x]| & EqQ[el-cxd1,0] && EqQ[e2+cxd2,0] && IntegerQ[m] & GtQ[d1,0] & LtQ[d2,0] & (GtQ[m,0] || IGtQ[n,@])



Rules for integrands of the form u (a+b arccosh(c x))~n 20

2: J(-F+gx)"' (d1 +elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whenel=cdl A e2==-cd2 AmeZ A p+§eZ‘A d1>0 A d2<@ A nez*

Derivation: Algebraic expansion

Rule:lf el ==cdl A e2==-cd2 AmeZ /\p+%eZ‘/\ dl1>0 A d2<0 A nez,then

J(f+gx)m (d1+elx)P (d2+e2x)P (a+bArcCosh[cx])"dx —

ExpandIntegrand|[ (f+gx)" (d1+elx)P*/? (d2+e2x)P**/?, x] dx

J~ (a+bArcCosh[cx])"

Vdl+elx Vd2+e2x

Program code:

Int[(f_+g_.*x_)"m_.*(d1_+el_.#Xx_)"p_x(d2_+e2_.xXx_)"p_x(a_.+b_.»ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcCosh[c#x])”n/ (Sqrt[dl+elsx]+Sqrt[d2+e2xx]), (f+g#x) m« (dl+elxx)~ (p+1/2)x (d2+e2xx)"(p+1/2),x],x]| /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && IntegerQ[m] && ILtQ[p+1/2,0] && GtQ[d1,0] && LtQ[d2,0] && IGtQ[n,0]



Rules for integrands of the form u (a+b arccosh(c x))~n

2: J(hgx)m (d1 +e1x)P (d2+e2x)P (a+bArcCosh[cx])"dx whenel=cdl A e2==-cd2 AmeZ A p- %ez A - (d1>0 A d2<0)

Derivation: Piecewise constant extraction

Te. _ o (dl+el x)P (d2+e2 x)P
Basis: If el == cd1l A e2 == —c d2, then 64 CLrex)P (LrcP T 0

Rule:lf e1 ==cdl A e2=-cd2 AmeZ /\p—%ez A = (dl >0 A d2 <0),then

J(f+gx)"‘ (d1 +elx)P (d2 + e2x)P (a+bArcCosh[cx])"dx —

(-d1 d2) IntPartipl (g1 4 el x)FracPartipl (d3 4 e2 x) FracPart(pl

F— F—— ~I-(-F+gx)“‘ (-1+cx)?P (1 +cx)P (a+bArcCosh[cx])"dx
(-1+cx) (1+cx)

Program code:

Int[(F_+g_.*X_)™M_.%(d1_+el_.xx_)"p_x(d2_+e2_.xXx_)"p_#(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
(-d1xd2) “IntPart[p] * (d1+elxx) *FracPart[p] * (d2+e2xx) ~FracPart[p]/ ( (-1+c*x)~FracPart[p]* (1+cxx)~*FracPart[p]) *
Int [ (f+gxx) mx (-1+CxX) “p* (1+CxX) “p* (a+bxArcCosh[cxx]) *n,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g,n},x] & EqQ[el-cxd1,0] && EqQ[e2+cxd2,0] && IntegerQ[m] & IntegerQ[p-1/2] && Not[GtQ[d1,0] & LtQ[d2,0]]
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Rules for integrands of the form u (a+b arccosh(c x))~n 22

2. JLog[h (F+gx)"] (d1+elx)P (d2+e2x)P (a+bArcCosh[cx])"dx when el=cdl A e2==-cd2 A p- %ez

1. JLog[h (F+gx)"] (d1+elx)P (d2+e2x)P (a+bArcCosh[cx])"dx whenel=cdl A e2=-cd2 A p- %ez Adl>0 A d2<0

dx whenel==cdl A e2=2-cd2 Adl1>0 A d2<0O A neZz*

. ILog[h (F+gx)"] (a+bArcCoshcx])"

Vdl+elx Vd2+e2x

Derivation: Integration by parts

Basis:If el = cdl A €2 == ~cd2 A d1 >0 A d2 < 0, then {asbArcCoshlcx)" __ 5 (asbArcCoshlcx])™?
Jdlrelx ~/d2+e2 x X bc+—dld2 (n+1)

Basis: Oy Log[h (f+gx)™] == -0
Note: If nez:, then waseshiexn™ s integrable in closed-form.

Rule:lf el ==cdl A e2=-cd2 Adl>0 Ad2<0O A nez" then

J-Log[h (F+gx)"] (a+bArcCosh[cx])" ix Log[h (f+gx)"] (a+bArcCosh[cx])"?* i gm ~J-(.-JHbAr\cc(;._c,h[cx])"+1 ix
Vd1+elx Vd2+e2x bcv-d1d2 (n+1) bcv-d1d2 (n+1) frgx

Program code:

Int[Log[h_.# (f_.+g_.*x_)"m_.]*(a_.+b_.*ArcCosh[c_.*x_])"n_./(Sqrt[dl_+el_.sx_]Sqrt[d2_+e2_.xx_]),x_Symbol] :=
Log[hx (f+gxx)~m]  (a+bxArcCosh[c#x])~(n+1) / (bxcxSqrt[-d1lxd2] = (n+1)) -
gxm/ (bxcxSqrt[-d1xd2] » (n+1)) «Int[ (a+bxArcCosh[cxx])" (n+1) / (F+gxx) x| /3

FreeQ[{a,b,c,d1,e1,d2,e2,f,g,h,m},x] & EqQ[el-cxd1,0] && EqQ[e2+c+d2,0] && GtQ[d1,0] && LtQ[d2,0] & IGtQ[n,@]



Rules for integrands of the form u (a+b arccosh(c x))~n 23

2: JLog[h (F+gx)"] (d1+elx)P (d2+e2x)P (a+bArcCosh[cx])"dx when el=cdl A e2=-cd2 A p- %ez A - (dl>0 A d2<0)

Derivation: Piecewise constant extraction

Te. _ o (dl+el x)P (d2+e2 x)P
Basis: If el == cd1l A e2 == —c d2, then 64 CLrex)P (LrcP T 0

Rule:lfelzzcdlAeZ:z—chAp—%ez A = (dl >0 A d2 <0),then

Jlog[h (F+gx)"] (d1+e1x)P (d2+e2x)P (a+bArcCosh[cx])"dx —

(-d1 d2) IntPartipl (g1 4 el x)FracPart(pl (4 4 e2 x) FracPartip]

jLog[h (F+gx)"] (-1+cx)P (1+cx)P (a+bArcCosh[cx])"dx
(_1 +C X)Fr'acPar't[p] (1 + CX)Fr‘acPar‘t[p]

Program code:

Int[Log[h_.# (f_.+g_.*x_)"m_.]*(d1l_+el_.#x_) p_x(d2_+e2_.*x_)"p_x(a_.+b_.*ArcCosh[c_.+x_])" n_.,x_Symbol] :=
(-d1xd2) “IntPart[p] * (d1+elxx) *FracPart[p] * (d2+e2xx) ~FracPart[p]/ ( (-1+c*x)~FracPart[p]* (1+cxx)~*FracPart[p]) *
Int [Log[hx (f+gxx)"m]x (-1+c#X) *px (1+C*X) “px (a+bxArcCosh[cxx])*n,x]| /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g,h,m,n},x] && EqQ[el-cxd1,0] && EqQ[e2+c*d2,0] & IntegerQ[p-1/2] & Not[GtQ[d1,0] & LtQ[d2,0]]



Rules for integrands of the form u (a+b arccosh(c x))~n

6. f(d+ex)'“ (F+gx)" (a+bArcCosh[cx])"dx

1: J(d+ex)"‘ (f+gx)" (a+bArcCosh[cx]) dx when m+§eZ‘

Derivation: Integration by parts

bc
A -1+cx v/1l+cx

Basis: Ox (a + bArcCosh[c x]) ==

Rule: If m+§eZ‘, l@tu—»J‘(d+ex)"‘ (fF+gx)"dx, then

j(d+ex)'“ (F+gx)" (a+bArcCosh[cx]) dx — u (a+bArcCosh[cx]) —ch

Program code:

Int[(d_+e_.xx_)"m_x (f_+g_.#x_) " m_(a_.+b_.xArcCosh[c_.xx_]),x_Symbol] :=
With[{u=IntHide[ (d+exx) "mx (f+g+x) m,x]},
Dist[a+bsArcCosh[c#x],u,X] - bxcxInt[Dist[1/(Sqrt[-1l+cxx]*Sqrt[l+cxx]),u,x],x]] /;
FreeQ[{a,b,c,d,e,f,g},x] & ILtQ[m+1/2,0]

u

'\/—1+cx '\/1+cx

dx
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Rules for integrands of the form u (a+b arccosh(c x))~n

2: J(d+ex)'“ (F+gx)" (a+bArcCosh[cx])"dx whenmez

Derivation: Algebraic expansion

Rule: If m € z, then

J(d+ex)'“ (f+gx)" (a+bArcCosh[cx])"dx — J(a +bArcCosh[c x])" ExpandIntegrand[ (d +ex)" (f+gx)", x] dx

Program code:

Int[(d_+e_.*x_)"m_. (f_+g_.*x_)"™m_.x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcCosh[c#x])~n, (d+exx)*mx (f+g*x)~m,x]|,x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] & IntegerQ[m]
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Rules for integrands of the form u (a+b arccosh(c x))~n

7: Ju (a + bArcCosh[c x]) dx when Ju dx is free of inverse functions

Derivation: Integration by parts

bc
v -1l+cx v/1l+cx

Basis: Ox (a + b ArcCosh[c x]) ==

Rule: Let v — Ju dx, if v is free of inverse functions, then
Ju (a+bArcCosh[cx]) dx — Vv (a+bArcCosh[cx]) —bcj v dx
V-1+ex Vi+cex

bcV1-c?x? J- v

Vi-c2x?

— Vv (a+bArcCosh[cx]) - dx

'\/—1+Cx '\/1+cx

Program code:

Int[u_=*(a_.+b_.xArcCosh[c_.*x_]) ,x_Symbol] :=
With[{v=IntHide[u,x]},
Dist[a+bxArcCosh[cxx],v,x] -
bxcxSqrt[1-c*2xx"2]/ (Sqrt[-1+cxx] *Sqrt[1l+cxx]) *Int [SimplifyIntegr'and [v/Sqrt[1-c”2xx"2],x] ,x] /3
InverseFunctionFreeQ[v,x]] /;
FreeQ[{a,b,c},x]

26



Rules for integrands of the form u (a+b arccosh(c x))~n

8. JPXF[(d1+e1x)p (d2 +e2x)P] (a+bArcCosh[cx])"dx when el==cdl A e2=-cd2 A p- %ez

1: JPX (d1 +elx)P (d2+e2x)P (a+bArcCosh[cx])"dx whenel==cdl A e2==-cd2 A p- %ez

Derivation: Algebraic expansion

Rule:If e1 == cdl A e2=-cd2 A p- 1 €Z,then

fPX (d1 +elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx — JExpandIntegrand [PX (d1l+el1x)P (d2+e2x)P (a+bArcCosh[cx])", x] dx

Program code:

Int[Px_x (d1_+el .xx_)"p_=*(d2_+e2 .xx_)"p_=*(a_.+b_.*ArcCosh[c_.*x_])”n_,x_Symbol]
With [ {u=ExpandIntegrand [Pxx (d1+elxX) *p* (d2+e2%Xx) “p* (a+bxArcCosh[cxXx]) " n,x]},
Int[u,x] /;

SumQ[u]] /;

FreeQ[{a,b,c,d1,e1,d2,e2,n},x] &% PolyQ[Px,x] &% EqQ[el-cxd1,0] &% EqQ[e2+cxd2,0] && IntegerQ[p-1/2]
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Rules for integrands of the form u (a+b arccosh(c x))~n

2: JPX (F+g (dl+elx)P (d2+e2x)P)" (a+bArcCosh[cx])"dx when el=cdl A e2=-cd2 A p+%eZ+A (m|n)ez

Derivation: Algebraic expansion
Rule:If e1 == cdl A e2=-cd2 Ap+2eZ A (m|n) cZthen

JPX (Frg (dl+e1x)? (d2+e2x)P)" (a+bArcCosh[cx])"dx — JExpandIntegr‘and [Px (f+g (d1+elx)P (d2+e2x)P)" (a+bArcCosh[cx])", x] dx

Program code:

Int[Px_. (f_+g_.»(d1_+el_.xx_)"p_x(d2_+e2_.xXx_)"p_) m_.*(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
With [ {u=ExpandIntegrand [Pxx (f+g (d1+elxx) px (d2+e2xx)"p) m« (a+b*ArcCosh[cxx])"n,x]},
Int[u,x] /;
sumQ[ul] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,g},x] && PolyQ[Px,x] & EqQ[el-cxd1,0] && EqQ[e2+cxd2,0] && IGtQ[p+1/2,0] & IntegersQ[m,n]
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Rules for integrands of the form u (a+b arccosh(c x))~n

9. jRqu (a+bArcCosh[cx])"dx when nez*
1. |RFx (a+bArcCosh[cx])"dx when nez*

1: jRFX ArcCosh[c x]"dx when nez*

Derivation: Algebraic expansion

Rule: If n € z7, then

jRFX ArcCosh[cx]"dx — |ArcCosh[c x]" ExpandIntegrand[RF,, x] dx

Program code:

Int [RFx_xArcCosh[c_.*x_]”n_.,x_Symbol] :=
With[ {u=ExpandIntegrand [ArcCosh[c*Xx]”~n,RFX,x]},
Int[u,x] /;

sumQ[ul] /;

FreeQ[c,x] && RationalFunctionQ[RFx,x] && IGtQ[n,0]
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Rules for integrands of the form u (a+b arccosh(c x))~n

2: JRFX (a+bArcCosh[cx])"dx when nez*

Derivation: Algebraic expansion
Rule: If n € Z*, then

JRFX (a+bArcCosh[cx])"dx — JExpandIntegr‘and [RFx (a +bArcCosh[cx])", x] dx

Program code:

Int[RFx_=* (a_+b_.*ArcCosh[c_.*x_])”n_.,x_Symbol] :=
Int [ExpandIntegrand [RFxx (a+bxArcCosh[cxx])*n,x],x] /;
FreeQ[{a,b,c},x] & RationalFunctionQ[RFx,x] && IGtQ[n,0]

2. |RFy (d1+elx)P (d2+e2x)P (a+bArcCosh[cx])"dx whenneZ* A el==cdl A e2==-cd2 A p- %ez

1: JRFX (d1+el1x)P (d2+e2x)PArcCosh[cx]"dx whenneZ* A el==cdl A e2:==-cd2 A p—%ez

Derivation: Algebraic expansion
Rule:if nez* A el=cdl A e2=-cd2 A p- 3 ez,then

JRFX (d1 +el1x)P (d2 + e2x)P ArcCosh[cx]"dx — J(dl +elx)P (d2 + e2x)P ArcCosh[c x]" ExpandIntegrand [RF,, x] dx

Program code:

Int[RFXx_» (d1_+el_.xx_)~p_=* (d2_+e2_.xx_) p_x*ArcCosh[c_.*x_]"n_.,x_Symbol] :=
With[ {u=ExpandIntegrand[ (d1+elxX) ~px (d2+e2xx)"pxArcCosh[c*x]”n,RFx,x]},
Int[u,x] /;
sumQ[ul] /;
FreeQ[{c,d1l,el,d2,e2},x] && RationalFunctionQ[RFx,x] && IGtQ[n,0] && EqQ[el-cxd1,0] &% EqQ[e2+cxd2,0] && IntegerQ[p-1/2]
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Rules for integrands of the form u (a+b arccosh(c x))~n

2: JRFX (d1 +elx)P (d2 +e2x)P (a+bArcCosh[cx])"dx whennez* A el==cdl A e2==-cd2 A p- %ez

Derivation: Algebraic expansion
Rule:if nez* A el==cdl A e2=-cd2 A p- 1 € Zzthen

JRFX (d1 +elx)P (d2 +e2x)? (a+bArcCosh[cx])"dx — J(dl +elx)P (d2 + e2 x)P ExpandIntegrand [RFX (a+bArcCosh[cx])", x] dx

Program code:

Int[RFx_* (d1_+el_.xx_)"p_=(d2_+e2_.xx_)"p_=*(a_+b_.*xArcCosh[c_.*x_]1)"n_.,x_Symbol] :=
Int [ExpandIntegrand[ (d1+elxXx) ~p* (d2+e2xx) ~p,RFx* (a+bxArcCosh[c*x])*n,x],x] /;
FreeQ[{a,b,c,d1,el1,d2,e2},x] && RationalFunctionQ[RFx,x] && IGtQ[n,0] &% EqQ[el-cxd1,0] & EqQ[e2+cxd2,0] && IntegerQ[p-1/2]

uU: Ju (a+bArcCosh[cx])"dx

Rule:

ju (a+bArcCosh[cx])"dx — Ju (a+bArcCosh[cx])"dx

Program code:

Int[u_.x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Unintegrable [u* (a+bxArcCosh[cxXx])”n,x] /;
FreeQ[{a,b,c,n},x]
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